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Optimizing Multihypothesis Diagnosis of
Control-Actuator Failures in Linear Systems

Yakov Ben-Haim
Technion—Israel Institute of Technology, Haifa, Israel

This paper describes a method for designing a maximum-likelihood multihypothesis algorithm for diagnosing
control-actuator failures in linear systems. Uncertainty in the temporal behavior of a malfunctioning actuator
is represented by employing the set theoretic technique called "convex modeling" whereby each class of malfunc-
tions is represented by a convex set of vector-valued failure functions. The hypothesized malfunctions upon
which the diagnosis is based are chosen so that specified sets of failures are correctly diagnosed. It is shown that,
in some cases, the selection of a robust and efficient set of hypothesized malfunctions can be based on the
solution of linear optimization problems. This is applied to the steady open-loop flight of an AFTI/F16 aircraft.
These results are then extended to the case where the malfunctioning actuators are incorporated in a feedback
loop. In this case nonlinear equations are formulated and some properties studied.

I. Introduction

A MULTITUDE of concepts have been employed for the
diagnosis of malfunctions in linear systems. A common

approach is based on hypothesizing a set of possible malfunc-
tions and then subjecting measurements of the system to a
maximum likelihood test to decide which hypothesized mal-
function is most likely to have given rise to the measure-
ments.1"8 This approach is appealing for several reasons. The
concept of maximum likelihood is intuitively satisfying as a
criterion of optimality. It has been asserted, however, that the
likelihood ratio test is not a uniformly most powerful test when
the failure occurs as a random event at an unknown or random
time.9 In addition, prior information about the system can be
exploited by judicious selection of the hypothesized malfunc-
tions.

The performance of a multihypothesis algorithm for mal-
function diagnosis is limited by the disparity between its finite
set of hypothesized malfunctions and the infinity of possible
failures, A large number of hypothesized malfunctions are
usually deemed necessary for reliable diagnosis in the presence
of the substantial uncertainty that accompanies the occurrence
of failures. However, real-time implementation of a multihy-
pothesis algorithm of high multiplicity is problematical. The
aim of this paper is to propose a plausible representation for
the uncertainty associated with malfunction and to develop a
method for evaluating the performance of a multihypothesis
algorithm with respect to this uncertainty. This performance
evaluation forms the basis for selecting a robust and efficient
collection of hypothesized malfunctions.

II. Maximum Likelihood Malfunction Diagnosis
In this section, we state the maximum-likelihood multihy-

pothesis approach to diagnosing additive failures in linear dy-
namic systems and formulate the problem to be studied. Let
/(/) be a vector function representing a specific control-actua-
tor malfunction, and let jy(jf) represent the average measured
system response to/(0- Because the system is linear aiid the
failure is additive, yf(t) is an affine transformation of/(/).
(The specific form that yf(t) assumes for control actuator
failure will be discussed later.) Throughout the paper we let EL

represent a Euclidean space of dimension L to which measure-
ment vectors y belong. Let p(y \f) be the conditional probabil-
ity density of the system response given a malfunction /. We
shall assume thatpO> |/) decreases monotonically with a norm
of y —yf. This requirement is fulfilled, for example, ifp(y\f)
is a multivariate Gaussian density and if the square of the
norm of y is yTVfly, where Vfis the covariance matrix of y
given malfunction/. The superscript Timplies matrix transpo-
sition. Different norms can be defined with respect to different
malfunctions, for example, if the covariance matrix depends
on the malfunction. We denote the various norms as follows.
An inner product of elements x and y in EL, with respect to the
malfunction/, is denoted [x,y]f. Our only assumption regard-
ing this inner product is that [Jt,Jc]/2 is a norm, which will be
denoted \\x\\f. .

Many distinct classes of actuator failures can occur: single
or multiple failures, locked surfaces, or widely varying surface
deflections. In an important class of malfunctions, the af-
fected control surfaces fail to trail the control commands.
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Instead, these control surfaces deflect autonomously. The fail-
ure vectors /(O are assumed to belong to a set of uniformly
bounded but otherwise freely varying functions. The failure
sets are defined as

(1)f€[0,oo),

where p = (PI,A, . . . ,PM»PM)- Thus the autonomous value of
the wth control function varies arbitrarily in time between pm
and pm . Usually the number of actuator failures is less than the
dimension of the control vector. This is represented by choos-
ing pm -Pm-^ for each of the functioning actuators. The
F(p) will be referred to as the failure set for malfunctions of
typep . The set F(p) is convex. Convex sets have been used for
modeling uncertain phenomena in a wide range of engineering
applications.10'13

Let F(pl), . . . ,F(pK) be disjoint failure sets and let Hk be
a finite collection of malfunctions chosen from F(pk), for
A: = !,...,#. Let

k=l

A maximum likelihood multihypothesis algorithm for mal-
function diagnosis is based on the collection H of vector func-
tions representing hypothesized malfunctions. Having ob-
tained a measurement y'9 the algorithm seeks a hypothesized
malfunction hmi£H, which satisfies

(2)

The function hmi is most likely to be the system condition that
caused the measurement y because/? (y \ h) decreases monoton-
ically with \\y-yn\\h.

Given failure sets F(pl),..., F(pK), and given sets of hy-
pothesized malfunctions H\,..., HK, we will say that failures
of type-p* are correctly diagnosed if every failure in F(pk) is
ascribed by the multihypothesis algorithm to a hypothesized
failure in Hk. A collection

k=\
of malfunction hypotheses is robust if the failure sets
F(p!),.•.., F(pK) are correctly diagnosed. A robust collection
H of malfunction hypotheses is efficient if no smaller set of
hypotheses is robust. The problem to be studied here is the
development of a computationally feasible method for deter-
mining whether or not a given set of hypothesized malfunc^
tions is robust. This determination forms the basis for search-
ing for an efficient •collection of hypotheses.

An important simplification occurs when the norms || • || hk
are the same for all hypothesized malfunctions. An example is
developed in Sec. IV for actuator failures in an open-loop
linear system.

III. Representing Uniformly Bounded
Control-Actuator Failures

Our aim in this section is to develop a convenient formalism
for representing the measurements of a closed-loop linear sys-
tem with uniformly bounded control-actuator failure. The
main result of this section is Eq. (13), which is an expression
for the complete response set.

Consider the failure-free dynamic system

(3)

(4)

(5)

where jc, y, and u are state, measurement, and control vectors
of dimension N, L, and M, respectively, v\ and v2 are zero-
mean white Gaussian noise vectors with known, constant co-
variance matrices, and A, B9 and G are known constant ma-
trices. The choice of the feedback gain matrix S(t) is imma-
terial to our discussion.

Let us now consider the representation of J control actuator
failures. The indices of the failed actuators arey = (j^...., //).
When a malfunction occurs in theyVth control actuator, its
normal control function, M/ (t)9 is replaced by an autonomous
expression,^ (/)• Let/(f) be an M-element vector whose./*th
element is the autonomous behavior of the failed y'^th actua-
tor, for k = 1,..,, J, and whose other elements are zero. Let Y/
be the matrix obtained from the MxM identity matrix by
removing each of the Jrowsy'i,... ,//. Thus IjU(t) is a vector
obtained by removing the elementsj\9... ,// from the nominal
control vector u(t). Similarly, #//is an Nx(M-J) matrix
obtained by removing the columns j\9... ,// from the matrix
B. Using this notation, the dynamic response of the system to
failure of J actuators whose indices are / is described by

dx
at (6)

The normal control algorithm still calculates the feedback
control vector from Eq. (5). However, fjk(t) is implemented
rather than ujk(t). Combining Eqs. (5) and (6) yields

(7)

The state vector x(t) can be expressed in terms of a transi-
tion matrix Xj(t)9 which is the solution of the following differ-
ential equation14

dt '- = [A +BijTijS(t)]xj(t), (8)

Finally, the measurement vector (with noise) in response to
failure vector f(t) is

(9)

Unless S(0 = 0 (the open-loop case) the transition matrix, XJ9
depends on which actuators are malfunctioning, so the covari-
ance matrix of y depends on the failure. Consequently the
quadratic norm, based on the covariance matrix of the mea-
surement, varies with the failure.

The failure set for malfunctions of typep is F(p), as in Eq.
(1). Each failure/(O in F(p) is mapped to an average measure-
ment vector yf(t) (without noise) in measurement space [Eq.
(9) with pl = v2 = Q]. Let C(p) be the set of all the average
measurement vectors obtained from failures in the set F(p).
That is

C(p)=[y: y(t)=yf(t) for all /€F(p)] (10)

We will call C(p) the complete response set for failures of type
p. Since the failure set F(p) is convex, the response set C(p)
is likewise convex because yf(t) is an affine transformation
of/.

It is more convenient, however, to define C(p) in terms
of its' boundary. Define the constant failure vector p
= (A, • . - >PM)> wherepm = (pm +pm)/2 for m = 1,... , M. Let
y(t) be the average response to the constant failure p, and so
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XO =.)>/>('). That is

y(t) = GXj(t)x(0) + G Xj(t)Xj-1 (r)Bp d?
Jo

Let F*(p) be the set

f £ — o 1
F*(/>)= / = < /„ . . . , /A/): l/mCOl*52^2 (H)

Every element g in F(p) can be expressed as g =p+/where/
belongs to F*(p). Thus the response to g can be expressed as
the sum of the response to p and the response to /. Let
^f(t9T) = GXj(t)Xj~l(r)B. Now the response set C(p) can be
expressed as

C(p)=\y: y=y(t) +f'Jo
for (12)

From this expression, it is evident that C(p) is convex, con-
tains the point y(t)9 and is symmetric with respect to inversion
through y(t). Also, every element of C(p) can be expressed as
y=y(t) + ap(w)w where w is a unit vector in the direction from
y to y, p(o>) is the distance along co from y to the boundary of
C(p) and 0<a< 1. That is, the complete response set can be
represented as

C(p)=[y: ^= (13)

To evaluate the radius function p(u>) we must first identify
the elements of F* that generate the boundary points of C(p).
Let ^ be a vector in EL. For a given /€F *(/?), the set of points
z that satisfy

(14)

constitutes a plane in EL through the point yf and perpendicu-
lar to ^, as shown by the line L! in Fig. 1. The distance of this
plane from y is

1 r *(*,-
Jo

r)/(r)dr

This distance varies as/varies on the set F*. That element of
F* that maximizes disO>/,j>) defines a boundary point of C(p),
denoted BP in Fig. 1. Let ^m(/,r) represent the wth column of
y(t,r). Then dis(.y/,.y) is maximized on F* when the elements
of the vector / are chosen as

= l , . . . ,M (15)

where sgn(x) = ±1, matching the sign of A:. [A similar maxi-
mization problem is discussed in Eqs. (21-24), to which the

BP

dp)
Fig. 1 Procedure for finding boundary points of C(p).

reader is referred for justification of Eq. (15).] Boundary
points of C(p) are now represented as

y(t;4>)=y(t)+ P
Jo

(16)

where f(n</>) in this expression is defined in Eq. (15). Distinct
boundary points are obtained by varying 0. Each boundary
point in turn defines a value of the radius vector. For each ^,
the radius of C(p) along direction u=y(t;<l>)-y(t) is Vwrw,
which can be tabulated numerically as a function of the direc-
tion w. Let p(o>) represent this tabulation. The argument of p
need not be a normalized vector, but we will adopt the conven-
tion that, for any scalar a, p(aa>) = | a | p(w) and that p(o>) pre-
cisely equals the radius of C(p) along « when w is a unit
vector.

IV. Designing the Multihypothesis Diagnosis
of Open-Loop Malfunctions

In the absence of feedback in the control loop [S(/) = 0 in
Eq. (5) and u(t) is independent of x] the transition matrix, Eq.
(8), is independent of the malfunction. Consequently the
quadratic norm based on the covariance matrix of the mea-
surement does not depend on the failure. Determination of the
robustness of a collection H of hypothesized malfunctions can
be based on the solution of a sequence of linear optimization
problems, as shown in this section.

As before, let

k=\

be the complete set of hypothesized malfunctions. Let g and h
belong to H , and define the minimum relative norm on C(pk)
with respect to g and h as

Dk(g,h)= rmn(\\yg -y\\>- \\yh -y ||2 (17)

If Dk(g,h) is positive, then every occurrence of failure of type
p k will be ascribed to hypothesized malunction h rather than to
g. It is evident from the definition of correct diagnosis that
failures of type pk are correctly diagnosed if, for each
g€H-Hk, there is an element h£Hk such that

Dk(g,h)>0 (18)

This means that, for every failure in F(pk), no hypothesis
outside Hk will be chosen by the multihypothesis algorithm.
Consequently type-p* failures will be correctly diagnosed.

Expanding the norms in Eq. (17) in terms of the inner prod-
uct, one finds

,h)= \\yg ||2- \\yh \\*- (19)

The maximum on the right-hand side does in fact exist since
[y§ —yh>y] is a linear (and thus continuous) function from the
compact set C(pk) to the real numbers.15 Consequently, deter-
mination of the correct diagnosis of failure type/?* is based on
evaluating the maximum of the linear function [yg — yh >y] on
C(pk), for each g and h in H. Equation (2) indicates that the
multihypothesis algorithm itself evaluates a quadratic expres-
sion in y. The adequacy of a linear expression for determining
correct diagnosis derives from the fact, expressed in Eq. (17),
that correct diagnosis is established by comparing norms that
are independent of the hypothesized malfunctions.

To illustrate this analysis, we consider part of the design
process for constructing a maximum-likelihood, multihypoth-
esis algorithm for diagnosing control actuator failures in
AFTI/F16 aircraft in steady open-loop flight at 0.9 Mach and
20,000 ft altitude. The dynamic behavior and measurements of
the failure-free linear system are represented by Eqs. (3-5) with
S(t) = 0. The eight state variables, in order of their appearance
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in jc, are pitch angle, forward velocity, angle of attack, pitch
rate, bank angle, sideslip angle, roll rate, and yaw rate. The six
control variables, in order of their appearance in u, are right
and left horizontal tails (elevators), right and left wing flaps,
canards (operated symmetrically), and rudder. These control
variables are zero in steady open-loop flight but vary auton-
omously after failure. G is the 8 x 8 identity matrix and the
values of A (Table 1) and B (Table 2) are taken from Ref. 16.

We will now develop an explicit expression for the maximum
in Eq. (19). Let the initial state vector be jc(0) = 0. From Eqs.
(3) and (4), one finds the average response to the malfunction-
ing control vector u to be

yu(t) = (20)

Let the inner product take the form [x,y]=xTV~ly, where V
is the covariance matrix of the response vector. Also, let
\m(t,r) be the mth column of the matrix V~lGeA(t~T)B. Let
W)=yg(t)-yH(t). Then one finds

M

Examination of Eq. (21) shows that the mth integral
achieves its maximum when um(r) is chosen to switch between
its extremal values as b(t)T\m(t,r) changes sign. Specifically,
Eq. (21) is maximized by choosing the elements of u as

for

for d(t)T\">(t,T)<0 (22)

Let Dm+ and Dm- denote the subsets of the interval [Q,t] for
which d(t)TXm(t,T) is nonnegative and negative, respectively.
Thus the maximum value of the inner product becomes

r i M f I"max : \ y g ( t ) -y h ( t ) , y u ( t ) = V }f>m\
u£r(pK) L J m=.\ V J £

dr

(23)

S(t)T\m(t,T)d7

(24)

The minimum relative norm on C(pk) with respect to g and
h is obtained by substituting Eq. (24) in Eq. (19). We are now
able to determine whether or not a given collection of hypoth-
esized malfunctions is robust.

The starting point for selecting hypothesized failures is spec-
ification of the failure sets which must be correctly diagnosed.
Identification of a robust and efficient set of hypothesized
malfunctions is then an iterative process. At least one hypoth-
esis must be included in H for each failure set that is to be
correctly diagnosed. Given an initial choice of //, Eqs. (19)
and (24) are used to determine whether or not the required
failure sets are correctly diagnosed. Elements of H are then
modified, and new elements are included until correct diagno-
sis is attained for each specified failure set.

The procedure for determining the robustness of a given set
of hypotheses can be inverted, in part, to aid in the search for
hypothesized malfunctions. A simple numerical example will
illustrate this analysis. Suppose it is desired to correctly diag-
nose malfunctions of failures in the second and fifth control
functions (left elevator and canards), when these control sur-
faces are deflecting autonomously. For graphical simplicity,
we will select hypothesized malfunctions hl9 which are con-
stant in time and nonzero only in the second and fifth ele-
ments. Thus hypothesized malfunctions can be represented as
points in the plane, where the horizontal and vertical coordi-
nates are the second and fifth elements of the failure vector, hi2
and his, respectively. Three hypothesized malfunctions, h\9 h2,
and /i3 have been included in H to diagnose other failures, as
shown in Fig. 2a. It is now desired to select the minimum set
of hypotheses needed to assure correct diagnosis of left eleva-
tor and canard deflections between, for example, 0.6 and 0.8
deg. Let us denote this failure set F(0.6,0.8).

Each point in the square region of Fig. 2a represents a
constant failure in F(0.6,0.8). However, not each such point,
if used as a hypothesized malfunction, would yield correct
diagnosis of the malfunctions in F(0.6,0.8). Let h be a point in
the square region of Fig. 2a, and consider the maximum likeli-
hood comparison between h and h\. Equations (19) and (24)
are used to evaluate D(h\9h)> the minimum relative norm on
C(0.6,0.8) with respect to h\ and h. The minimum relative
norm for each point h below the curve in Fig. 2b is found to
be positive, which indicates that these hypotheses yield correct
diagnosis of the failures in question when compared with hy-
pothesis h\. The minimum relative norm of all points above the
curve in Fig. 2b is negative, which means that hypothesized
failures above the curve will not yield correct diagnosis. Figure
2c shows a similar analysis based on comparison with h2.
Again the minimum relative norm D(h29h)9 is positive for

Table 1 Matrix .4 a

0 0 0
-32.1830 0.012075 38.2906
- 0.001 12 - 0.000022 - 1 .48446
-0.000309 -0.00013 4.27171

0 0 0
0 0 0
0 0 0
0 0 0

1.00000
-30.1376

0.994789
-0.777221

0
0
0
0

0 0
0 0
0 0
0 0
0 0

0
0
0
0

1.00000
0.03449 -0.343554 0.0326360

0 -55.2526
0 7.23700

-2.80004
-0.0231840

0
0
0
0
0

-0.997556
0.145674

-0.362530
aUnits of the state variables are rads, rads/s, or ft/s.

Table 2 Matrix B*

0 0
1.00296 1.00296

-0.0746135 -0.0746135
-12.0291 -12.0291

0 0
0.0133045 -0.0133045

-25.3645 25.3645
-2.56855 2.56855

0
1.15840

-0.122462
-3.23635

0
-0.0006855

-25.5251
-0.625030

0
1.15840

-0.122462
-3.23635

0
0.0006855

25.5251
0.625030

0
0
0
0
0

0.0267340
5.53185
5.89254

0
0
0
0
0

0.0370320
10.3955

-5.80890
aUnits of the state and control variables are rads, rads/s, or ft/s.
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Fig. 2a Hypothesized malfunctions represented by points in the tin
vs his plane.

•
h3 (0.9,0.9)

0.8

O 0.6

V)
o
CL

o
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z
o 0.4

h , (0.7,0.5)

H2(0.7,0.4)

0.6 0.8
LEFT ELEVATOR POSITION, h 12

Fig. 2b Malfunctions in the square region and below the curve yield
correct diagnosis in comparison with hi.

points below the curve and negative for points above the curve.
Thus, correct diagnosis in comparison with h2 can be achieved
only if a point below the curve in Fig. 2c is included in H.
Comparison of Figs. 2b and 2c shows that correct diagnosis
with respect to hi ensures correct diagnosis with respect to h2.
The analysis is repeated to determine the hypothesized mal-
functions that yield correct diagnosis in comparison with /i3,
and the results appear in Fig. 2d. Points above the curve yield
correct diagnosis of all failures in F(0.6,0.8), whereas points
below the curve do not. Overlaying Figs. 2b-d, as in Fig. 2e,
shows that two hypothesized malfunctions are necessary and
sufficient to achieve correct diagnosis of all failures in
F(0.6,0.8). One hypothesis must lie between the intermediate
and upper curves, and one must lie below the lowest curve.
Correct diagnosis of the failure set F(0.6,0.8) requires that two
such hypotheses be included in H as long as h\9 h2, and /i3 are
in H. Likewise, unless additional hypotheses are added to H
for diagnosis of different failure sets, the two hypotheses
which have been identified are sufficient to assure correct diag-
nosis of F(0.6,0.8). This analysis is continued until conditions
are established for defining the smallest set of hypothesized
malfunctions that ensure correct diagnosis for each of the
specified failure sets.

0.8 -

z
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t 0.6
V)
O
CL

O
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<
z
<
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0.4

h,(0.9,0.9)

• h , (0.7, 0.5)

h2 (0.7,0.4)
_____I___

0.6 0.8

LEFT ELEVATOR POSITION, h i 2

Fig. 2c Malfunctions in the square region and below the curve yield
correct diagnosis in comparison with h2.
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Fig. 2d Malfunctions in the square region and above the curve yield
correct diagnosis in comparison with /ta*
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• h,(0.7,0.5)

. h2(0.7,0.4)

J——————I———
0.6 0.8

LEFT ELEVATOR POSITION, h i 2

Fig. 2e Overlay of Figs. 2b-d, showing necessity of two malfunctions
for correct diagnosis in comparison with h\, h2, h$.
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Designing the Multihypothesis Diagnosis
of Closed-Loop Malfunctions

Let

where each set Hk contains malfunctions drawn from the set
F(pk) of uniformly bounded failures. The system is described
by Eqs. (3) and (4), and the feedback gain in Eq. (5) is nonzero.
We wish to determine whether or not malfunctions of typep*
are correctly diagnosed. Equation (17) must be modified to
account for the fact that, due to the feedback in the control
loop, the quadratic norm depends on the failure. Accordingly,
let g and h belong to H and define the minimum relative norm
on C(pk) with respect to g and h as

Dk(g,h) = -y || J - \\yk -y || j) (25)

The main result of this section is the evaluation of this mini-
mum relative norm. Once that is achieved, the hypothesized
malfunctions are selected by the iterative procedure illustrated
in Sec. IV.

Let g and h be hypothesized malfunctions, and let yg and yh
be the corresponding average responses. Let y=y + i\ be an
element of C (/?*), where y is defined, with respect to the
parameters pk, as in connection with Eq. (12) and j/ = a:p(w)to
as in Eq. (13). The expression to be minimized in Eq. (25)
becomes

-(yh-y- (26)

(27)

where A=Vg-l-Vh~l, f= V-l(ys-y)- Vh~l(yh -y), and
V- = \\yg ~y\\l - \\yn ~y\\t- Failures of type pk are correctly
diagnosed if, for each g£ff—Hk, there is an element h£Hk
such that

(28)

Referring to Eq. (13), it is evident that ij is a vector of arbitrary
orientation whose length does not exceed the distance in direc-
tion YI of y from the boundary of C(pk). Thus if is constrained
by

(29)

Adjoin the constraint to the expression in Eq. (27) as

where p(w) is determined numerically as explained in Sec. III.
This inequality constraint on the maximization of Eq. (27) can
be replaced by an equality by introducing an undetermined
quantity, 0

(30)

(31)

Necessary conditions for a stationary point of Eq. (27) are

(32)

(33)

Equation (33) together with the constraint implies that X = 0 if
ilTil<p(ij). Thus an extremum of Eq. (27) occurs in the interior
of C(pk) if the solution of

Ai/=f (34)

satisfies yTii<p(vj). If not, then the extrema of Eq. (27) occur
on the boundary of C(pk) and must satisfy

and

(35)

(36)

Equations (34-36) determine the constrained extrema of
Dk(g,h). Failures of type pk are correctly diagnosed if the
condition in Eq. (28) is satisfied.

The solution of Eqs. (35) and (36) is computationally some-
what cumbersome. It is therefore useful to know that if A is a
positive definite matrix, then Eq. (27) has precisely one mini-
mum and may have several local maxima. Or, if A is negative
definite, then Eq. (27) has precisely one maximum and may
have several local minima. If A is indefinite, then Eq. (27) can
have several minima and maxima. The proof of these asser-
tions appears in the Appendix.

VI. Conclusions
This paper has described a method for designing a maxi-

mum-likelihood, multihypothesis algorithm for diagnosing
control-actuator failures in linear systems. Uncertainty in the
temporal behavior of a malfunctioning actuator is represented
by employing the set theoretic technique called convex model-
ing. For open-loop systems (autonomous controllers), the di-
agnosis algorithm is designed by solving a sequence of linear
optimization problems. For closed-loop feedback systems, the
design of the diagnosis algorithm requires the solution of non-
linear equations. The resulting diagnosis algorithm is robust
and efficient. It is robust in that the diagnosis invariably distin-
guishes between failure sets that represent complex uncertainty
in the temporal form of the malfunctions. It is efficient in that
no smaller set of hypothesized malfunctions could achieve
correct diagnosis of the required classes of failures. The signif-
icance of this result is that design of an algorithm for diagnosis
of control actuator failure can be based on a systematic and
numerically implementable procedure that yields the best pos-
sible algorithm, in the sense of robustness and efficiency de-
fined here.

Appendix: Extrema of D
The complete response set is closed and bounded, and the

relative norm is a continuous function. Thus Eq. (27) has a
minimum and a maximum on C(pk). We will show that, if A
is a positive definite matrix, then Eq. (27) can have exactly one
allowed minimum. If A is negative definite the argument can
be reversed to prove that Eq. (27) can have only one allowed
maximum. If A is indefinite, then Eq. (27) can have several
minima and maxima.

Let d represent the quantity in Eq. (27). Suppose that A is
positive definite, and that if and if are both allowed local
minima of Eq. (27). Then both y + y1 and y + if belong to
C(pk). Since the response set is convex, every point
^=J> + ai71 + (l-Q:)^2 belongs to C(pk) for a l lO<a<l . Thus
all points along t f - i f and between V and if are possible
extrema. However, since it1 and if are local minima, the rate of
increase of d along if- -if must be nonnegative at both rf and
if. That is

>0 (Al)
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dij >0

i. Then

and so,

(A2)

(A3)

(A4)

(A5)

Since A is positive definite and s, and s2 are both nonnegative,
Eq. (A5) implies that £ = 0. Consequently, V and i/2 are identi-
cal and d has only one allowed minimum.
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